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WHY PSEUDO-SPECTRAL?
1) MULTI-SCALES ACCURACY + EXPONENTIAL ACCURACY FOR DERIVATIVES
2) POTENTIAL TOOL TO PERFORM EXPERIMENTS IN SILICO: EXACT CONTROL
OF THE DEGREES-OF-FREEDOM

*Too many turbulences?

*Can we disentangle universal from non-universal properties?
*Can we understand universal properties ?

*Does ‘computing’ mean ‘understanding’? (Computo ergo sum?)
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Turbulence or Turbulences?

(O +v-0v=—0P +vd*v +FB,B) +g0 + colus,v)s(r — ) +f

A2

O + v - 09 = x0°0 <—— temperature
B+wv-0B=B-8v+x9°B < magnetic field
AP = —&iajvivj

\ + boundary conditions

dui(rit) g — 0| (g — )
dt — Pft ! <— small particles: drag, added mass, lift force, etc...
Dv  Du;
+pf(D—t — Dtl) + (u; —v) xw

Flows with additives:

Advection-diffusion-reaction of passive scalar/vectors (temperature, magnetic field, chemical reactions, etc...)
Advection-diffusion of active scalars/vectors (convection, magnetic dinamo)

Polymers (drag reduction)

Bubbles/Droplets (two phase flows, rain formation, etc...)

Swimmers (cooperative hydrodynamical interactions)




\

[ O +v-Ov=—8P + vd*v +f +F(B,B)

B+ v -8B = B-8v+ y0?B \ -homog_eneous
-1Isotropic

AP - ‘—&-33-?12'% N -Gaussian
+ periodic boundary conditions -white-noise in time
-large-scale

A Mo ey .

HOMOGENEOUS & ISOTROPIC MHD TURBULENCE
3D CASE: MAINLY UNSOLVED!

Figure 4
Snapshot of the intensity distributions of () the energy-dissipatio

DNS-ESat R; =675 in arbilrary units. .
Dallas & Alexakis PoF 2015




L. B., G. Boffetta, A. Celani, B. Devenish, A. Lanotte and F. Toschi Phys. Rev. Lett. 93, 064502, 2004
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t =t/tg
T = :B/lo
v =wv/vg

COMPLEX PHYSICS WITH SIMPLE {LOWS
00 +9-0b=—0P + — 0%
Re

vOv Re — loﬂ

v02v U

Reynolds number ~ (Non-Linear)/(Linear terms)

Re ~

Re — o¢

Fully Developed Turbulence:
1. Strongly non-linear & non-perturbative system




COMPLEX PHYSICS WITH SIMPLE {LOWS
00 +9-0b=—0P + — 0%
Re

Re — o

(e) = v{(8v)?) x ];Le((@v)z) — const.

1 . . .
2.0 T T T T T T
Caoetal. + “ ’ )
o Yeung & Zhou x | (5 v )
Jiménezetal. % 0.01 r
Wang et al. (decaying) O
151 Wang et al. (forced) © |
Gotohetal. » 0.0001 7" 7
Ishihara & Kaneda e
% Kaneda etal. (kypoen=1) =
( 6) 10F, Kanedaetal. (k,,n=2) » 1e-06 |
% .
a O 1e-08 f T
L4 . T A . ; i il = A
0.5 qu!;’j-f-)(“ A L,m [} - L+ ; & H : [
1e-10 | .- : A\ =
0 1 1 L 1 1 1 - ‘ : O ’—
o o
0 200 400 600 800 1000 1200 1e-12 ) . . . . X .
Rel/? -40  -30 5 S 2\20 30 40
rU rU

2. Out of Equilibrium (non perturbative)
Dissipative anomaly

3. Small-scales PDFs strongly non-Gaussian

Anomalous scaling




COMPLEX PHYSICS WITH SIMPLE FLOWS

THE ENERGY CASCADE:

Bk = [ oK)

1 T .

b Jog(k)
0.1 1 10 100 1000 10000 1000cC
—>
kforc kdz’ss(Re)
1. inertial range of scales: power law (anomalous)
k k < ky; e
fore K K K Rdiss (R ) 2. extension increases with Reynolds!

kdiss

4 — 3 9/4

4. Many-body problem; dof — ( 2 ) ~ Re /
orc



Number crunching approach: computo ergo sum.

laboratory flow atmosph. flow astrophys. flow

Re ~ 10° — 10° Re ~ 108 — 1012 Re > 10%°

1
#gop ~ 1011 — 1020 | #gop ~ 101 1070 | o

state-of-the-art DNS (Kaneda’s group):

Isotropic, homogeneous Fully Periodic Flows
Pseudo-Spectral Methods.
Resolution 1200013

Reynolds : 1077,
Storage of 1 velocity configuration: 30 Tbyte

Moral: easy to saturate any computing power
(present and/or future)




- Pseudo-spectral method
O +v-0v=—0P + vd%v

® Spectral: Discretize the fields on a Fourier series

® Evaluate the terms local in Fourier space

® Pseudo-spectral: Evaluate the convolution term in
real space, then move back to Fourier space

- Chebyshev and Fourier Spectral Methods, Second Edition, John P. Boyd, DOVER Publications, Inc.
(2000)

-  Canuto et al. Spectral Methods in Fluid Dynamics. Book (1988)

-  Rogallo. Numerical Experiments in Homogeneous Turbulence. NASA Tech. Memo. (1981) vol. 81315
pp. 1-92



C

- Treatment of Pressure
Helmholtz Theorem V2p = -V - (u-Vu)

u=Vep+V x§

Vector potential

Transversal component V x &
Longitudinal component

Vo
V-u=90 $ V=0

w=VXxXu w=VxV xt =-A¢
= —A1w




Treatment of Pressure (Fourier )

Helmholtz Theorem
u=Veo+VxE —» ulk) =—ik x &(k)

u(r) = u(r) u(k) = u"(—k)

Implication on memory storage requirements

w=VXxu w=VxVx¢=-A¢
£ =-A"1w



- Equation in Fourier space

V?p=-V-(u-Vu)

1
Ou +u-Vu=—--Vp+rViu
ot P

k
06 = Ill<7 x F(u x w)x — v|k|2E



- Equation in Fourier space

| k
8,6 = ‘12{7 x Flu x w)i — v|k|2€

Non linear term (NLT) is a convolution in Fourier space
—> in real space NTL is a scalar product

Fourier Real Fourier
k ——ax — k

Pseudo-spectral method



VISCOUS TERM EXACTLY INTEGRATED
ADAMS-BASHFORTH 2° ORDER

Time marching

1k

€ = K x F(ux w)k — v[k[*¢
1k
Nk = (Nik, Nok, N3k) = e X F(u X w)k

n+1

k

0:€ + vk*E = Ny,
G(t) = exp(vk*t)

S BG(™)Np — G(t" )N



Forcing schemes

® Many possibilities... non unique choice, i.e. non
universality at large scales.

® |nertial range turbulence is universal with respect to
the forcing but:

- Different forcing may affect more or less directly
and severely the extension of the inertial range

- Different forcing may make the large scales
more or less isotropic

WHAT ABOUT MHD????




Frozen amplitude

Ky:|k| <k (eghk =2)

| —y Py e ¢ g,
| . < o .- v
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~ Constant energy input
Ki:|k|<k (egh =2)

r *

u(k,t)
k,t) =c¢- >
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~ Appended modes
Ky:|k|<k (eghk =2)

N

Rescale amplitude to keep energy
fixed in a shell of small wavenumbers

UL — QUL kGKf

Ere= Y |uel” =0 ) |ugl

k| <k k| <k,



Aliasing

“Blowup of an aliased, non-energy-conserving model is
God’s way of protecting you from believing a bad
simulation.” ). P. Boyd

from P. Boyd. Chebyshev and Fourier spectral methods.
Second edition (Revised). (2001) pp. 668



Spectral blocking & 2/3 rule
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P. Boyd. Chebyshev and Fourier spectral methods.
Second edition (Revised). (2001) pp. 668



Memory issues

® Memory occupancy:

® 3 (arrays) x SizeX x SizeY x SizeZ x 3 (velocity
components) x ( 4 or 8 bytes, single or double )

® + eventual work array needed by FFT
® (in place FFTs)

® Eventual arrays for additional measurements

e.g. Aij — (&ﬂ]j)

[ MPI - Message Passing Interface }

Np processors, each need to allocate M/Np



Data structure

ulx][yllz].-{vx,vy, vz}
culx][y][z].{vx,vy,vz}.{re,im}

Direction x split on processors
Direction z complexified by the FFT

The inverse transform (from x to k
space) has to be normalized dividing
by Nx*Ny*Nz.



Computational cost

Mflops = 5 N log2(N) / (time for one FFT in microseconds) /
2 for real-data FFTs

Rule of the thumb: In spectral code FFTs takes “roughly” 50%
of full computational time

Checkpoint and restart negligible

Heavy 1/O can have an impact but usually when it hits on
performance, hits on disk space first.

Lagrangian integration usually negligible as long as particle
density if much smaller than grid point density

Additional “innocent” measurements which imply extra FFTs
hit hard, but usually diluted as not performed at each time

step



FFT: fftw

e http://www.fftw.org/

® Features

® FFTW 3.2.2is the latest official version of FFTW
(refer to the release notes to find out what is
new). Subscribe to the fftw-announce mailing list
to receive announcements of future updates. Here
is a list of some of FFTW's more interesting
features:

Speed. (Supports SSE/SSE2/3dNow!/Altivec, since version 3.0.)

Both one-dimensional and multi-dimensional transforms.

Arbitrary-size transforms. (Sizes with small prime factors are best, but FFTW uses O(N log N) algorithms even for prime sizes.)

Fast transforms of purely real input or output data.

Transforms of real even/odd data: the discrete cosine transform (DCT) and the discrete sine transform (DST), types I-IV. (Version 3.0 or later.)

Efficient handling of multiple, strided transforms. (This lets you do things like transform multiple arrays at once, transform one dimension of a multi-
dimensional array, or transform one field of a multi-component array.)

Parallel transforms: parallelized code for platforms with Cilk or for SMP machines with some flavor of threads (e.g. POSIX). An MPI version for distributed-
memory transforms is also available, currently only as part of FFTW 2.1.5. FFTW 3.2.2 includes support for Cell processors.

Portable to any platform with a C compiler. Documentation in HTML and other formats.

Both C and Fortran interfaces.

Free software, released under the GNU General Public License (GPL, see FFTW license). (Non-free licenses may also be purchased from MIT, for users
who do not want their programs protected by the GPL. Contact us for details.) (Also see the FAQ.)

HTTP://WWW.P3DFFT.NET




WHY PSEUDO-SPECTRAL?
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L arge-scale magnetic fields in MHD

Dallas & Alexakis PoF 2015

©TRACE operation team,
Lockheed Martin

Otu———VP—(u Vu+ — (be)xb+uAu

8tb:(b-V)u—(u-V)b+77Ab
V-u=0 and V-b=0

Q

Hm(t) = / dx a(x,t)- b(x,t) — inverse cascade
vV

Hi(t) = ./v dx u(x,t)-w(x,t) — dynamo action (e.g. a-effect)



Helical Fourier decomposition

k® k
(0: + vk )uk:< T T )

X [ Z (—(ip X Op)* x lg + (ip X bp)* X IA):‘,)

k-+p+q=0
(8 + nk®)by = ik x Z 0% x b}

G (t)= uf () + up (t)hy |= Z Uk (t) b

b (t)= b (t)h} + b (t)h, |= Z bk (t) bk

where ik x h* = sckh*



Helical Fourier decomposition

Sy * 1 S S S,
(0r + sz)ukk - 2 Z ( Z gs:Sq(SPp o sqq)up"uq"

k+P+q=0 Sps>Sq

LORENTZ
B Z 8oyoq(TpP — "qq)bgpbgq) )
Op,0gq
oL * Ukk o o (o) g
(at + nkz)bkk - T Z ( Z g":sqbpputslq - Z gsplzfqufs’pbqq)
k+p+q=0 op,sq Sp,0q

ADVECTION + STRETCHING

Erin = Y i+ g l” Hiin = k(lug|* = Jug ?)
k k

Brmag = >_(6E1* + 16c 1) Hygg = S k(0712 — b5 12)
k

k




2\, Sk* S
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Generic two-triads system

) o0 LORENTZ
u
P ug" p bgq
,UIZI\ ulscl\:
1
Sk* __ S S Op O
Oe 5 (gspsq (Spp — Sqq)uy ug ga’;oq(app 0qq)bp’b q)
b’/ | s, us’ /| o,
Uqg bq
br* br
O k k
atbak* _ , (gapsq I usq gs - usP baq)

STRETCHING+ADVECTION



Stability analysis

Opup™ = G (SpP — $49) Up'Ug’' — gg’,‘,aq(app — 04q) bp’bg’
5»:“3”* = gss:sk(sqq sck) ug U — ggﬁak(aqq — 0kk) bZ"bZk
Buug™ = g3,k — 55P) U — 350, (okk — 0p) B b

8tb"" —akk( . bgP U gspaqu,s,"ba")

Otbp”” = 0pp (8575, bq Uk — Goi, g bL*)
Ocbg”™ = 0qq (8575, bk Uy — 5o, Uk bp”)




Large-scale dynamo: DNS - laminar flow (Re, = 15)

Magnetic field Velocity field

Po

Po

]0-5 i t=0.16

~

10 '
k (@) 1 10 , 100

(a)



Large-scale dynamo: DNS - turbulent flow (Re), = 140)

Magpnetic field Velocity field
10’ 53 Ey (k) —o— u= u+
10° k |
+
Upo
(b) bk A
1 © 1 0, 100
10 { E,*(k) —o—
10° ‘
U+ lol 0.5
Po B_ 102 E, (VE(k) -
q 107 ° =
10
o 107 |
6
(a) bk (a;O I 10 4 100



Inverse cascade of magnetic helicity: DNS

Magpnetic field Velocity field

© ! 10 100
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8tv—l—v-8v=—3P—|—V82v—|—f

O-v=20
+ boundary conditions

Kinematics + Dissipation are invariant under Rotation+Translation
Non-universal statistical behaviour <-> Anisotropy
Small scales vs large scales

Turbulent jet 3d Convective Cell Shear Flow



The simplest set of 0-rank tensor (SCALAR) observable:

Longitudinal Structure Functions
S (r) = ([(v(x+7) —v(x)-#]").

Sy = 5 3 S (1YY (7).

1=0m=—)




Arad, V. L’Vov I. Procaccia PRE 59, 6753 (1999).
Arad et al. PRL 82, 5040 (1999).
Arad et al. PRL 81, 5330 (1998).

def

SRt (r) = (v (7, t) - dvn(z, v, L))
dv(x,r,t) det v(e+r,t) —v(x,t) ,

3d rotation

To, = Na,pTp

Decomposition in terms of (irreducible) invariant subset -labelled by q,j=0,1,2,...

Set of 3n*(2j+1) Eigenfunctions of group of rotations in 3d: Bg‘l"'a” (r)

,Jm

s n-rank tensor which s
Spt T (r) = depends — Z qum("“)qulm "(7) .
on a 3d vector qim




v+ v-0v = —3P—|—v820—|—f
ov; + Tyj(vjop) — vAv; = f;

oS rntlgntl_y,pngn — (5 6vs---dv,_1) + perm.

rotational invariant operator l

OpS™ 4 rntlgntl _pypnsn ~o <

+30(3) -> S an () = T S\ (DB 0, (P)

+y rtisntl _ypn stoo=0

jmq gmq’ ]mq Jmgqg - jmq

FOLIATION !1




() S gint _ i g
0,8, Zr Sy —vDS S ~ 0

Large scale physics:

all sectors coupled by

forcing terms

—d i PR | Ll e
0.1 1 10 100

log k&

1 —» O 8t8](-n) Zr(n+1)8(n+1) Vl%\%‘/gj(g) ~0

S](m)q(r) X a,jmq(%)d% scaling ?



Sjam(r) ~ Ajma(3)%

Jgm

Working Hypothesis

projection on each sector has a universal scaling exponent, f%depending on
that sector only.

Dependency on large scale physics shows up only in prefactors

Pure power laws only in each separeted sector:

1

S (r ZA s SM(r) ~ Ag(~ L) L.

L)%n Ay (

L



00 J
sMWEy=Y% 'sjigl)wmm(ﬁ).

J=0m=—j
() () ~ T \e e o
S™M(x) ~ Ao(7)% + A7) +

Matching Infra-Red boundary conditions:

S(n)(L)NAO+A1+A2_|_...

prefactor cannot be universal

About universality of scaling exponents nothing can be said
rigorously, at least for the NS eqgs.

Recovery of Isotropy
Small-Scales Universality

¢=0%n) < P=Hn) < P2 () <.




We performed a DNS
of a Random-Kolmogorov Flow

Periodic boundary conditions
256x256x256
Hyperviscosity

Homogeneous but Anisotropic

fz = cos(z 4+ ¢(t))
O (Pp(t)d(t)) = 6(t —t')

L.B. I. Daumont, A. Lanotte and F. Toschi. PRE. 66, 056306 (2002)




Comparison of scaling properties:
isotropic sector (j=0,m=0) vs undecomposed structure function

o0

i
Su(r) = > > SE"(rDYjm(7)

j=0m=—j

Sn(r) s aor(:%:O —I— CLQTC‘ZL:2 —I— a4r<7‘Z.L:4 _|_ e

log (2nd order structure fungtion)

10 1

isotropic
sector

T~ before so(3)

w7 | o decomposition
l ( ) 100
Arad et al. PRL 82, 5040 (1999) 0.9 ’r

01




10° 5
10* —
B g
10° gsi . " j=6 5
T /l i
10?%— /.J" l E
T ——a OQ(T) 1
101 1 1 1 1 1 l L 1 1 L 1 1 1 1 l
10 100

scaling is m-independent

G <G <G <

Recovery of isotropy

L.B. I. Daumont, A.S. Lanotte and F. Toschi
PRE. 66, 056306 (2002)

Extending Lumley’s anisotropic theory

dimensional
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